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Abstract. In this article, we study the geometric invariant theory (GIT) compactification of 
quintic threefolds. We study singularities, which arise in non-stable quintic threefolds, thus giving 
a partial description of the stable locus. We also give an explicit description of the boundary 
components and stratification of the GIT compactification. 



1. Introduction 

Quintic threefolds are some of the simplest examples of Calabi-Yau varieties. Physicists have 
given Calabi-Yau varieties a great deal of attention, in the last 30 years, because they give the right 
geometric conditions for some superstring compactifications [CHSW85]. In mirror symmetry, in 
particular, the Kahler moduli space and complex structure moduli space of Calabi-Yau varieties are 
important objects of study. The purpose of this paper is to describe the complex structure moduli 
space of quintic threefolds using geometric invariant theory (GIT). 

GIT constructions of moduli spaces of projective varieties are automatically projective, therefore 
have a natural compactification. The Hilbert-Mumford criterion provides a numerical tool, which 
is useful when constructing moduli spaces using GIT. Despite having this tool, it is still difficult to 
construct moduli spaces in dimension 2 or higher. There are a some cases where such moduli spaces 
have been constructed, such as degree 2 and degree 4 K3 surfaces by Shah [Sha80, Sha8l , cubic 
threefolds by Allcock and Yokoyama [A"Il03 , Yok02) , and cubic fourfolds by Laza |Laz09j . 

A quintic threefold is the zero set of a homogeneous degree 5 form / G C[a;o, x\, X2, £3, X4]. The 
space i?°(P 4 , Op4 (1)) = C 5 represents the set of degree 1 forms in P 4 . The parameter space of 
quintic threefolds is then represented by V := P(Sym 5 (C 5 )), which is the projectivization of the 
space of coefficients of quintic forms /. C 5 and Sym 5 (C 5 ) both have natural SL(5, C)-actions. Two 
threefolds are equivalent if one form can be transformed into another by an SL(5, C)-action. In 
order to construct the moduli space using GIT, the stable and semistable quintic threefolds must 
be identified. A quintic threefold X is semistable if there is a SL(b, C)-invariant function on P(V) 
where X does not vanish. A semistable quintic threefold X is stable if its SX(5, C)-orbit, in the 
space of semistable quintic threefolds, is closed and the isotropy group of X is finite. The space of 
semistable quintic threefolds is denoted P(V) SS and the space of stable quintic threefolds is denoted 
¥{V) S . The SL(5, C)-orbits of threefolds mP(V) s are closed, so the quotient F(V)"//SL(5, C) forms 
an orbit space. The addition of semistable quintic threefolds compactifies the moduli space by 
making it a projective variety i.e. P(V) SS // SL(5, C) is projective. Two semistable quintic threefolds 
A, Y e P{V) SS \ P(V) S map to the same point in ¥(V) SS //SL(5, C) if their closures satisfy 



(1) SX(5,C)-AnSX(5,C)-Y^0. 

This establishes an orbit-closure relationship for semistable quintic threefolds where X ~ Y if 
they satisfy the property [T] Furthermore, all threefolds in the same orbit-closure equivalence class 
map to the same point in P(V) SS // SL(5, C). Every orbit-closure equivalence class in P(V) SS \ P(V) S 
has a unique closed orbit representative called the minimal orbit. The boundary components of 
P(V) SS //SL(5, C) \ P(V) S I) SL(5, C) are represented precisely by these minimal orbits. 

Remark 1. We will follow the terminology in GIT 'MFK94I- Unstable will mean not semistable, 
non-stable will mean not stable, and strictly semistable will mean semistable but not stable. 
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The main results of this paper are a description of the non-stable quintic threefolds in terms 
of singularities, partial description of the stable locus, and a complete description of boundary 
components and stratification of the GIT compactification using minimal orbits. The first main 
result of the paper is given in section 12.31 which describes the non-stable quintic threefolds in terms 
of singularities. 

Theorem 2. A quintic threefold X is non-stable if and only if one of the following properties holds: 

(1) X contains a double plane; 

(2) X is a reducible variety, where a hyperplane is one of the components; 

(3) X contains a triple line; 

(4) X contains a quadruple point; 

(5) X contains a triple point p with the following properties: 

(a) the tangent cone of p is the union of a double plane and another hyperplane; 

(b) the line connecting a point in the double plane with the triple point has intersection 
multiplicity 5 with X; 

(6) X has a double line L where every point p G L has the following properties: 

(a) the tangent cone of each point p £ L is a double plane P p ; 

(b) each point p e L has the same double plane tangent cone i.e. P p = P for some double 
plane P; 

(c) the line connecting the point on the tangent cone P p and a point p € L has intersection 
multiplicity 4 with X ; 

(7) X contains a triple point p and a plane P with the following properties: 

(a) the tangent cone of p contains a triple plane of P; 

(b) the singular locus of X , when restricted to P, is the intersection of two quartic curves 
qi and q 2 ; 

(c) the point p is a quadruple point of q\ and qi . 

A partial description of the stable locus is given in section 12.41 The analysis of singularities of 
the non-stable quintic threefolds gives a partial description of the singularities that occur in the 
stable locus. In particular, all smooth quintic threefolds and quintic threefold with at worst A-D-E 
singularities will be GIT stable. Following the approach of Laza |Laz09| . the minimal orbits can be 
explicitly described using Luna's criterion |Lun75[IVP89| . In order to find the minimal orbits, the 
non-stable quintic threefolds degenerate into families of quintic threefolds given by equations HE 
which are denoted the first level of minimal orbits. Luna's criterion determines which members of 
these families represent closed orbits, this is done in section 13.21 Certain hypersurfaces in these 
families are unstable and therefore represent unstable quintic threefolds or they degenerate, even 
further, into a family of quintic threefolds given by equations I51 I17I The families represented by 
equations 1511171 are called the second level of minimal orbits. The second level of minimal orbits 
represent how the boundary strata of the components in equations [4j7] intersect. Applying Luna's 
criterion to the second level of minimal orbits will determine which quintic threefolds are closed 
orbits, unstable orbits, and which hypersurfaces degenerate even further. It will be shown in sec- 
tion 14.11 that non-closed orbits in the second level of minimal orbits will eventually degenerate to 
the hypersurface XqX\XiX^x^ which is the hypersurface with normal crossings singularities. This 
completely determines the boundary structure and stratification of the GIT compactification of the 
moduli space of quintic threefolds. 

Section [2] is devoted to the combinatorics and geometrical study of non-stable quintic threefolds. 
Using the Hilbert-Mumford criterion, a combinatorial study of the monomials to be included in 
maximal non-stable families of quintic threefolds will be done. Each maximal non-stable family has 
a destabilizing one-parameter subgroup (1-PS) A which gives rise to a "bad flag" that picks out the 
worst singularities in the family. This is used to prove Theorem [2] The last part of section [2] gives a 
partial description of the stable locus. Section [3] introduces Luna's criterion and then applies it to 
study the closed orbits in equations HE Section|4]studies the closed orbits and further degenerations 
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of equations I8TTTI thereby giving a complete description of the boundary stratification of the GIT 
compactification of quintic threefolds. 

Acknowledgements. The author would like to Amassa Fauntleroy and Radu Laza for their ad- 
vice and support in writing this paper. The author would also like to thank Ryan Therkelsen for 
introducing the author to Stembridge's poset Maple package. 

2. Maximal Nonstable Families 

The Hilbert-Mumford criterion is an important tool when establishing stability and semistability 
in GIT. 

Remark 3. Following the convention in [Laz09l, a normalized 1-PS X is a map A : C* — » T C 
SL(5,C), where T is the the standard maximal torus T of SL(5,C), with the additional property 
that A(t) = diag(t a ° ,t ai , t a2 ,t a3 ,t ai ) satisfy oq > a\ > 02 > 03 > 04 and ao + a% + a 2 + 03 + 04 = 0. 

For a quintic form / £ C[xo,xi,X2,xs,X4] and a normalized 1-PS A = (00,01,02,03,04), the 
numerical function is defined as follows, 

(2) fi(f,X) := max{aoi Q + a 1 i 1 +a 2 i2+a3i3 + a4U\f = 2_, <k iii2iau x o° x *i x % x 3 x 4 i c i iii2i 3 i4 / 0}. 

The Hilbert-Mumford criterion states a quintic form f is stable ( semistable ) if and only if for 
every 1-PS A the numerical function fi(f, A) > 0(> 0). It can be restated so that a quintic form 
/ is non-stable (unstable) if there exists a 1-PS A where //(/, A) < (< 0). If quintic forms 
are analyzed up to coordinate transformation (SL(5, C)-action), then the G-equivariance of the 
numerical function |LR08] . 

(3) n(x, A) = ^{gx,g\g^ 1 ), 

restricts to check checking the criterion for only normalized 1-PS A in the standard maximal torus 
T of 5L(5,C). 

Remark 4. In the remainder of the paper the a monomial l l will also be written as a 

vector denoted [ig, i\, i^, 13, i±] ■ Also, the following combinatorial procedure described below is based 
on similar combinatorial techniques described in Mukai [MukOSl and applied by Laza \Laz09f in the 
case of cubic fourfolds. 

The normalized 1-PS A induce a partial order on the set of quintic monomials [ig, i\, i 2 , 13, 14] 
given by 

\fj,([i ,ii,i 2 ,i3,u}^) > A i ([io,Ji,j2,j3,i4], A) 
I for all normalized 1-PS A 



[io,ii,i2,i3,u] > [jo, 31,32, 33, ji] 



The following lemma is useful in creating an algorithm to determine the poset structure of quintic 
monomials. 

Lemma 5 (c.f. |Muk03] p. 225). For two monomials [io, i\, 12, £3, £4] and [jo, 31,32, 33, J4] 

' «o > jo 

[io,ii,i2,i3,u] > [jo, 31,32,33, Ja] 



io + h > jo+ji 
io + h+i2> jo+ ji +32 

v i + h + 12 + «3 > jo + jl + 32 + j3 



This criterion is useful because one can directly check whether two monomials are related in the 
poset by checking the subsequent inequalities. Using Maple [MGH + 05] . the above criterion can 
be used to find all partial order relationships between monomials. Stembridge's poset package for 
Maple Ste98 is used to find the minimal covering relationships for these monomials and thereby 
creating the poset for quintic monomials. The code for this entire procedure is given in appendix lAl 
The figure for this poset structure is given in figure [3] at the end of the paper. 



3 



2.1. Combinatorics of Non- Stable Families. The poset structure on quintic monomials greatly 
simplifies the Hilbert-Mumford criterion analysis on quintic polynomials /. For a fixed normalized 
1-PS A and a monomial [io, i%, 12, is, h], /i([«o, «i, «2, *3, m], A) does not change when any monomials 
below it in the poset are added to [io, i\, 12, h, u)- For a fixed normalized 1-PS A, M< (A) (M<o(A)) 
represent the set of monomials in the poset where fi < (n < 0). By the Hilbert-Mumford criterion, 
the monomials of every non-stable quintic polynomial /, up to coordinate transformation, belong to 
a family of the form M<o(A). The maximal non-stable families, denoted SSk, are the largest possible 
families of the form M<o(A). The corresponding A of M<o(A) is called the family's destabilizing 1-PS. 
From the poset structure, there will be a finite number of maximal non-stable families SSk. Any 
non-stable quintic form /, up to coordinate transformation; will be long to one of these families. 

The procedure for determining the set of maximal non-stable families would be to start from 
the top monomial and work down the poset until one finds a monomial [ig, ii, *2, *3, ii] which has 
a normalized 1-PS A where (J,([io, ii, ii, H, u], A) < 0. By restricting to normalized A one can use 
linear programming to determine whether such a A exists for a particular monomial. The linear 
programming script is given in appendix [B] Using this procedure it is determined that the top 
most monomials which have [i < are [3,0,0,2,0], [4,0,0,0,1], [2,0,3,0,0], and [1,4,0,0,0], the poset of 
monomials below these top monomials are denoted SSI, SS2, SS3, and SS4. The figures for these 
posets are given in figures [H [5j [6j and [7] at the end of the paper. The destabilizing 1-PS A is given 
in table 1. Other maximal non-stable families are found by finding the top- most monomials in the 
families SS1-SS4 which have a common destabalizing 1-PS A. There are three other such families 
denoted SS5-SS7. These three families have multiple maximal monomials. The figures for these 
posets are given in figures [5J EH HU EH an d E2 at the end of the paper. 

The combinatorial procedure above determines the maximal families Af<o(A) where [i < 0. By the 
Hilbert-Mumford criterion, every semistable or unstable hypersurface will transform, via a coordinate 
transformation, into one of maximal non-stable families M<o(A). 

Remark 6. q a ,b(x m , x n \\ x , x p ) represents polynomials which are a linear combination of degree a 
monomials in x m and x n multiplied by a degree b monomials in x and x p 

Proposition 7. X is non-stable if and only if it belongs, via a coordinate transformation, to a 
hypersurface in families found in table 1. 



Family 


Destabilizing 1-PS Subgroup 


Maximal Monomial 


Degeneration 


SSI 


(2,2,2,-3,-3) 


[3,0,0,2,0] 


MO-A 


93,2(20, x\, x 2 13,24) + q2.s(xo,xi,x 2 


23,24) + gi i4 (2 ,2l,22 23,24) + (75(23,24) 


SS2 


(1,1,1,1,-4) 


[4,0,0,0,1] 


MO-D 


X4q 4 (x 


x 1 ,x 2 ,x 3 ,x i ) 






SS3 


(3,3,-2,-2,-2) 


[2,0,3,0,0] 


MO-A 


92,3(^0,2:1 \\ x 2 ,x 3 ,x 4 ) + qi A (x ,xi || x 2 , x 3 , Xi) + q 5 (x 2 ,x 3 , x 4 ) 


SS4 


(4,-1,-1,-1,-1) 


[1,4,0,0,0] 


MO-D 


x q4.{xi 


x 2 ,x 3 ,Xi) + q B (xi,x 2 ,x 3 , X4,) 






SS5 


(1,0,0,0,-1) 


[0,5, 0,0,0], [1,3, 0,0,1], [2, 1,0, 0,2] 


MO-D 


x^xjq^xi, x 2 , x 3 , x 4 )) + x x i q 3 (x 1 ,x 2 ,x 3 ,x 4: ) + q 5 (x 1 , x 2 , x 3 , x A ) 


SS6 


(4,4,-1,-1,-6) 


[1,0, 4, 0,0], [3, 0,0, 0,2], [2, 0,2, 0,1] 


MO-C 


^tffis (x Q 


xi) + Xiq 2}2 (x ,xi | x 2 ,x 3 ,x 4 


) + qi,i{x ,xi 22,23,24) + 95(22,23,24) 


SS7 


(6,1,1,-4,-4) 


[0,4, 0,1,0] [1,2, 0,2,0] [2, 0,0, 3,0] 


MO-C 


x'oq3(x 3 


Xi) + xq {q 2 . 2 {xi, x 2 23,24) + 91,3(^1,^2 £3,24) + qi{x 3 , Xi)) + qi } i(xi,x 2 23,24) + 


qz,2{x\,x 2 x 3 ,x 4 ) +q 2 . 3 {xi,x 2 x 3 ,Xi) + q 1 ii (x 1 ,x 2 | x 3 ,x±) + qr,{x 3 ,x 4 ). 






Table 1. 


Nonstable Families SSI - SS7 
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For any non-stable /, the SL(5, C)-orbit will not necessarily be closed. Using the destabilizing 
1-PS A, the closure A/ = /q is a quintic form invariant with respect to A. The forms / and /o will 
map to the same point in the GIT quotient. If the orbit of /q is closed then it is a minimal orbit. 

(4) MO-A: 92,3(^0, xi || x 2 , x 3 ,x 4 ), 

(5) MO-B : g 5 (xi,x 2 ,x 3 ) + x x 4 g 3 (xi,x 2 ,x 3 ) + xgx|qi(xi,x 2 ,x 3 ), 

(6) MO-C : ?i,4(xo, xi || x 2 , x 3 ) + x 4 <j 2i2 (a;o, xi || x 2 , x 3 ) + x\q z (x , xi), 

(7) MO-D: x q 4 (x 1 ,x 2 ,x Zl x i ). 

In Section [3l it will be shown that a generic member of one of the families MO-A — MO-D will 
represent a minimal orbit. Certain hypersurfaces in MO-A — MO-D will degenerate further into a 
member of one of the families M02-I — M02-X. 



(8) 


M02-I 


XqX 2 x| + X()XiX 2 X 3 X4 + x^x 2 x|, 


(9) 


M02-II 


XqX 3 x| + XoXl(x| + X 2 X 3 X 4 ) + x\x\x 3l 


(10) 


M02-III 


Xg(x 2 x 4 + x§x 4 ) + XoXi(x 3 + x 2 x 3 x 4 ) + x\ (x 2 x§ + x|x 4 


(11) 


M02-IV 


x xia; 4 g 2 (x 2 ,x 3 ), 


(12) 


M02-V 


x xix 2 a; 3 a; 4 , 


(13) 


M02-VI 


Xix\x 3 + x\x 2 x\ + XoXiX 2 X 3 X4, 


(14) 


M02-VII 


X 4 X§X§ + X 4 XoXiX 2 X 3 + X4X1X2, 


(15) 


M02-VIII 


x xi(7 3 (x 2 ,x 3 ,x 4 ), 


(16) 


M02-IX 


Xog2,2(xi,X 2 II X 3 ,X 4 ), 


(17) 


M02-X 


x (<? 4 (x 2 ,x 3 ) + xix 4 q 2 (x 2 ,x 3 ) + xfx|). 



2.2. Bad Flags. The maximal non-stable families will be characterized in terms of singularities 
found on a generic member of one of these families. A destabilizing 1-PS A has an associated "bad 
flag" of the vector spaces H°(P 4 , CV(1)) = C 5 . A general principal, given by Mumford |MFK94j . 
states that these "bad flags" pick out the singularities which cause the family to become semistable 
or unstable. 

Using the approach given by Laza |Laz 09 it can be shown that a 1-PS A : C* — > T gives a weight 
decomposition of i?°(P 4 , Q V &{1)) = @ b i=0 Wi based on the eigenvalues of A acting on if°(P 4 , F i(l)). 

Definition 8. For a 1-PS A = (a,b,c,d,e) let rrii be a subset of {a,b,c,d,e} which have the same 
weights and let m be the weight. 

(18) W mi := Wi 

i where Wi has eigenvalue rii 

The standard flag is 

C Fx = (xi = x 2 = x 3 = x 4 = 0) C F 2 = (x 2 = x 3 = x 4 = 0) C 

(19) 

^3 = (x 3 = x 4 = 0) C F 4 = (x 4 = 0) C P 4 . 

Definition 9. Given a 1-PS A = (a, b, c, d, e) let mi, m 2 . . ., m s represent the collection of common 
weights of A. Let rrii be ordered by increasing value of weights (i.e. mi has lowest weight). The 
associated flag for A is 

s 

(20) F\ : C F me := W m% C F ms 

i=l 

This is a subfiag of the standard flag \20\) . 



s-l 

:= W mi C...CF mi := W mi C P 4 . 

i=i 
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For the maximal destabilizing families SS1-SS7 the associated "bad flags" are 



Family 


Destabilizing 1-PS Subgroup 


Destabilizing Flag F\ 


SSI 


(2,2,2,-3,-3) 


C (x 3 = x 4 = 0) C P 4 


SS2 


(1,1,1,1,-4) 


|c(i 4 = o)c p 4 


SS3 


(3,3,-2,-2,-2) 


C (x 2 = x 3 = x 4 = 0) C P 4 


SS4 


(4,-1,-1,-1,-1) 


C (xi = x 2 = x 3 = x 4 = 0) C P 4 


SS5 


(1,0,0,0,-1) 


C ( Xl = x 2 = x 3 = x 4 = 0) C (x 4 = 0) C P 4 


SS6 


(4,4,-1,-1,-6) 


C (x 2 = x 3 = x 4 = 0) C (a; 4 = 0) C P 4 


SS7 


(6,1,1,-4,-4) 


c (xi = = x 3 = x 4 = 0) C (x 3 = x 4 = 0) C P 4 . 



Table 2. Destabilizing Flags of SS1-SS7 



2.3. Geometric Interpretation of Maximal Semistable Families. In order to determine the 
singularities which occur on threefolds in families SS1-SS7, we intersect the general form of the 
equation with its associated destabilizing flag. This will give some description of the types of 
singularities, which occur in each family. A precise description of each such family is given in the 
propositions below. Some of the singularity analysis is based on describing the tangent cone and 
intersection multiplicities of the tangent cone at singular points, a detailed introduction of these 
topics is given in Beltrametti et al. ( (BCGMB09] ch.5) 

Proposition 10. A hypersurface X is of type SSI if and only if X contains a double plane. 
Proof. Let X be of type SI then it is equivalent, via a coordinate transformation, to the hypersurface 

53,2(^0,^1,2:2 || X 3 , X 4 ) + £?2.3(a?0, Xl, 2 2 1123,24) 

+qi, 4 (x ,x 1 ,X2\\x 3 ,x i )+q 5 (x 3 ,x 4 ). 
This hypersurface contains the ideal (23, X4) 2 which is a double plane in P 4 . 

Let X be a hypersurface which contains a double plane. By a coordinate transformation we can 
assume the double plane is (23, 24) 2 . The most general equation which contains the ideal (23, 24) 2 
is (EU). 

□ 

Proposition 11. A hypersurface X is of type SS2 if and only if X is a reducible variety, where 
a hyperplane is one of the components. In particular, the singularity is the intersection of the 
hyperplane with the other component, which is generically a degree 4 surface. 

Proof. Let X be of type 5*2 then it is equivalent, via a coordinate transformation, to the hypersurface 

(22) 24174(20,21,22,23,24) 

This hypersurface has the hyperplane (24) as a component. 

Let X be a reducible hypersurface where a hyperplane is a component. The polynomial / 6 
C[xo, 21, 22, 23, 24] defining X can be factored into / = gh, where h is a degree 1 polynomial. By a 
coordinate transformation we can map the hyperplane defining h to 24. Without loss of generality 
/ = x 4 h. Since since / is of degree 5 then by neccesity h is of degree 4 therefore / is of the form 
([22]). 

□ 

Proposition 12. A hypersurface X is of type SS3 if and only if X contains a triple line. 
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Proof. Let X be of type 553 then it is equivalent, via a coordinate transformation, to the hyper- 
surface 

(23) <?2, 3 (x , xi II x 2 , x 3 , Xi) + qi t i(x ,xi \\ x 2 ,x 3 , x 4 ) + q 5 {x 2 ,x 3 , x 4 ) 
This hypersurface contains the ideal (x2,x 3 ,X4) 3 which is a triple line in P . 

Let X be a hypersurface which contains a triple line. By a coordinate transformation, we can 
assume the triple line is (x 2 , x 3 , X4) 3 . The most general equation which contains the ideal (x 2 , x 3 , X4) 3 
is (HSJ). 

□ 

Proposition 13. A hypersurface X is of type 554 if and only if X contains a quadruple point. 

Proof. Let X be of type 554 then it is equivalent, via a coordinate transformation, to the hyper- 
surface 

(24) x q4(xi,x 2 ,x 3 ,x i ) + qs(xi, x 2 , x 3 , x 4 ) 

This hypersurface contains the ideal (x\, x 2 , x 3 , X4) 4 which is a quadruple point in P 4 . 

Let X be a hypersurface which contains a quadruple point. By a coordinate transformation we 
can assume the quadruple point is (x%, x 2 , x 3 , X4) 4 . The most general equation which contains the 
ideal (xi, x 2 , x 3 , x 4 ) 4 is (p4|) . 

□ 

Proposition 14. A hypersurface X is of type SS5 if and only if X has a triple point p with the 
following properties: 

i) the tangent cone of p is the union of a double plane and another hyperplane; 

ii) the line connecting a point in the double plane with the triple point has intersection multiplicty 
5 with the hypersurface. 

Proof. Let X be of type 555 then it is equivalent, via a coordinate transformation, to the hyper- 
surface 

(25) xl\xlqi(xi,X2,x 3 ,X4)j + £0X4 q 3 (xi, x 2 , x 3 , x 4 ) + qsfai, x 2 , x 3 , x 4 ) 

This hypersurface contains the triple point (x\, x 2l x 3 , X4) 3 . The tangent cone is the hypersurface 
defined by 



(26) xlqi(xi,x 2 ,x 3 ,X4,) 

which is the union of a double hyperplane (X4) 2 and another general hyperplane qi(x\, x 2 ,x 3 , X4). 
The points whose lines passing through the triple point which have intersection multiplicity 5 with the 
hypersurface, is the locus of (xlqi(xi, x 2 ,x 3 ,X4)) and (x4q 3 (xi,x 2 , x 3 , X4)). Since X4 is a component 
of both terms then a line emanating from the hyperplane (x 4 ) to the triple point will have multiplicity 
5. 

Let X be a hypersurface which contains a triple point. By a coordinate transformation we can 
assume the triple point is (x%, x 2 , x 3 , X4} 3 . The most general equation which contains the ideal 
(xi,X2,x 3 ,x 4 ) 3 is 

(27) xl\q 3 (xi,x 2 ,x 3 ,X4,)j + x ^ 4 (xi, x 2 , x 3 , x 4 )^ + q 5 (x 1 ,x 2 ,x 3 ,x 4 ). 
If the tangent cone is the union of a double plane and another hyperplane then 
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(28) q3(xi, x 2l x 3 , x 4 ) = f 2 g 

where / and g are linear forms. By a coordinate transformation which keeps the triple point fixed 
we can map the hyperplane / to X4. So without loss of generality 

(29) 93(21, x 2 , 23, £4) = x\g. 

If a general line from the hyperplane (2:4) to the triple point has multiplicity 5 then 

(30) 24 = q 4 = 0. 
This occurs only if 94 has x 4 as a component so 

(31) 94 = 2493 
which is precisely of the form (|25|) . 

□ 

Proposition 15. A hypersurface X is of type SS6 if and only if X has a double line L where every 
point p G L has the following properties: 

i) the tangent cone of each point p s L is a double plane P p ; 

ii) each point p 6 L has the same double plane tangent cone i.e. P p = P for some double plane 
P; 

hi) the line connecting the point on the tangent cone P p and a point p £ L has intersection 
multiplicity 4 with the hypersurface. 

Proof. Let X be of type SS6 then it is equivalent, via a coordinate transformation, to the hyper- 
surface 

^(^O^O^lJ + ^492,2 (£0, X\ || X 2 , £3,2:4) 

+91,4(0:0, X\ || 2:2,2:3, 2:4) +q 5 (x 2 , x 3 , x 4 ) 

This hypersurface contains the double line (2:2, £3, x 4 ) 2 . For any point [A : v : : : 0] of the double 
line the tangent cone is the same double plane given by (2:4) 2 . The points which have intersection 
multiplicity 4 with the double line are the locus of (x/C) 1 and {x 4 q 2y 2 {\,v \\ x 2 ,x 3 ,x 4 )) . Since x 4 is 
a component of both terms then the line emanating from the hyperplane (2:4} to any point of the 
double line will have multiplicity 4. 

Let X be a hypersurface which contains a double line. By a coordinate transformation we can as- 
sume the double line is (2:2, X3, x 4 ) 2 . The most general equation which contains the ideal (2:2, £3, 2?4) 2 
is 

(33) 93,2(20,21 || x 2 , 23,2:4) + 92,3(20,21 || 22,2:3,2:4) + 91,4(20,21 || 2:2,23,2:4) + 95(22,23,2:4). 
If the tangent cone at every point on the double line is the same double plane then 

(34) 93,2(20,2:1 || 2:2,2:3,2:4) = 93(2:0, xi)/(o:2, 2:3, x 4 ) 2 

where / is a linear form. By a coordinate transformation, which keeps the double line fixed, the 
hyperplane / is mapped to x\. So without loss of generality, 

(35) 93,2(20,2:1 || 2:2,2:3,2:4) = 93(2:0,2:1)2:4. 
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If the line going from the hyperplane (2:4) to any point of the double line has multiplicity 4 then 



(36) x 4 = <?2,3(A,^ || X2,x 3 ,x 4 ) = 0. 
This occurs only if 92,3 {%o, x\ \\ X2,x 3 , x 4 ) has 2:4 as a component so 

(37) 92,3 = ^492, 2(2:0, Xi || X 2l X 3 ,X 4 ) 

which is precisely of the form 



□ 

Proposition 16. A hypersurface X is of type SS7 if and only if X contains a triple point p and a 
plane P, where p G P has the following properties: 

i) the tangent cone of p contains a triple plane of P; 

ii) the singular locus of X , when restricted to P , is the intersection of two quartic curves 91 
and q2; 

hi) the point p is a quadruple point of 91 and q2 . 

Proof. Let X be of type SS7 then it is equivalent, via a coordinate transformation, to the hyper- 
surface 



x q3(x 3 ,x 4 ) + x ^2,2(^1, ^2 II X 3 , X4,) + qi t3 (xi,x 2 || x 3 , x A ) + q 4 (x 3 , x 4 ) 
(38) +(q4s{xi,X2 || x 3 ,x 4 ) + 93,2 x 2 \\ x 3 ,x 4 ) + 52,3(2:1, x 2 \\ 2:3,2:4) 

+qi, 4 (x 1 ,x 2 || 2:3,2:4) +95(2:3, Xi) 



This hypersurface contains the triple point p given by the ideal (x\, x 2 , x 3 , x 4 ) 3 and a plane P given 
by (2:3,2:4). The tangent cone is the hypersurface defined by 93(2:3,2:4) which which contains the 
triple plane (2:3, 2;4} 3 of P. When the differential of X is restricted to the plane (2:3,2:4) the only 
non-trivial contribution comes from the term 



(39) 94,1(2:1, x 2 || 2:3,2:4) = 94(2:1, 2:2)2:3 + q 4 (x 1 ,x 2 )x 4 . 
The differential, when restricted to the plane, is zero when 

(40) 94(2:1,2:2) = 94(2:1,2:2) = 0. 

Therefore, the plane contains two quartic curves 94(2:1,2:2) and 94(2:1, X2) which contain p as the 
quadruple point. 

Let X be a hypersurface which contains a triple point p and a plane P, where p G P. By 
a coordinate transformation we can assume the triple point is (xi, x 2 , 2:3, x 4 ) 3 and the plane is 
(2:3,2:4}. The most general equation which contains the ideal (xi, X2, x 3 , x 4 ) 3 and (2:3,^4) is 
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Xq[ 32,1 ( x l> x 2 II 2:3,2:4) + 91,2(2:1, X 2 || 2:3, Xi) + q 3 (x 3 ,x i ) 

+%o f 93,1(2:1, x 2 II 2:3,2:4) + 92,2(2:1,22 II 2:3, Xi) + 91,3(2:1,2:2 II 2:3,24) + 54(2:3,^4) J 
(41) V J 

+ 94,1(2:1,2:2 II 2:3,24) + 93,2(2:1,22 II 2:3,2:4) + 92,3(21,2:2 II 23,2-4) 



+91,4(21,22 II 23,24) + 95(2:3,2:4) 

If the tangent cone contains the triple plane of P then it contains the ideal (2:3, 2:4) 3 . Then the 
coefficients of the x^ term of (|4"Tj) contains only the 93(23,24) term. The differential of (|4"Tj) . when 
restricted to the plane (2:3,2:4}, contains the equations of the form 2:093(24,22) + 94(2:1,2:2) and 
2^093(21,22) + 94(21,22). If the singular locus of X in the plane is the intersection of two quartic 
curves then 



(42) 2093(2+2:2) + 94(2+2:2) = 2:093(21,22) + 94(21,22) = 0. 

So 2:093(21, 22) + 94(2:1, 2:2) and 2093(2:1, 2:2) + 94(21, 22) are the quartic curves. If p is a quadruple 
point of both quartic curves then q 3 and 93 are 0, so X is of the form (|38|) . 

□ 

This completes the proof of Theorem [2] 

2.4. Stable Locus. The classification of singularities of non-stable quintic threefolds can be used 
to give a partial description of the singularities which occur in the stable locus. The stable locus 
represents all of the closed orbits in the moduli space. Ideally, the stable locus would only include 
smooth hypersurfaces and the boundary would include hypersurfaces with singularities. Even in 
the case of cubic threefolds and cubic fourfolds, this is not the case as shown in |Laz 09 , A1103] . As 
the degree and dimension of hypersurfaces increases more singularity types will be included in the 
stable locus. In (MFK94| there is a general proposition which states that a smooth hypersurface will 
always be stable. 

Proposition 17 ( [MFK94J Prop. 4.2). A smooth hypersurface F in P™ with degree > 2 is a stable 
hypersurface. 

A complete classification of all possible singularities in the stable locus of the moduli space of 
quintic threefolds has not yet been found. Using the results of the previous section a partial list of 
singularities can be determined. 

Proposition 18. If X is a quintic threefold with at worst a double point then it is stable. 

Proof. Suppose X is not stable, then it is non-stable. Therefore, it belongs to one of the families SSI 
- SS7, but X does not satisfy the singularity criteria for any of these families. Hence, it is stable. □ 

Proposition 19. If X is a quintic threefold with at worst a triple point whose tangent cone is an 
irreducible cubic surface and X does not contain a plane then it is stable. 

Proof. Suppose X is not stable, then it is non-stable. Therefore, it belongs to one of the families 
SSI - SS7. The only families, which have at worst a triple point are families SS5 and SS7. Since the 
tangent cone of X is irreducible then it is not in SS5. Since X does not contain a plane it is not in 
SS7, therefore it belong to neither family. Hence, it is stable. □ 

Proposition 20. If X is a quintic threefold with at worst a double line whose tangent cone at each 
point on the line is irreducible then it is stable. 
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Proof. Suppose X is not stable, then it is non-stable. So it belongs to one of the families SSI - SS7. 
SS6 is the only family, which has at worst a double line as a singularity. Since the tangent cone of 
X at each point is irreducible then it is not in SS6. Hence, it is stable. □ 

These four classes of hypersurfaces give the most generic classes of hypersurfaces which are stable. 
There are also quintic threefolds which have singularities with degenerate tangent cones that do not 
fit into one of the classes SS1-SS7, but a complete classification is still unknown. 

3. Minimal Orbits 

3.1. Luna's Criterion. The ability to degenerate the large families SSI — SS7 into much smaller 
invariant families MO- A— MO-D makes the problem of finding minimal orbits much more tractable. 
Generically, a hypersurface in one of the families MO-A — MO-D will be closed and thus minimal. 
To explicitly determine which elements in MO- A — MO-D are closed and which elements further 
degenerate one can use Luna's criterion. This approach was used by Laza |Laz09) in the case of 
cubic fourfolds. 

Luna's criterion is used when there is an affine G-variety Y and a point y G Y which has a 
non- finite stabilizer H C G. If Y H is the set of points in Y which are £/-invariant and Nq(H) is the 
normalizer of H in G then there is a natural action of Nq{H) on Y H . Luna's criterion reduces the 
problem of determining whether Gy is closed in Y to whether Nq{H) is closed in Y H . 

Proposition 21 (Luna's Criterion). JVP89l\Lun7SI 

Let Y be an affine variety with a G-action and y G Y a point stabilized by a subgroup H C G. 
Then the orbit Gy is closed in Y if and only if the orbit Nc{H)y is closed in Y . 

Remark 22 ( [VP89 ). In the case where H is reductive and connected, Ng(H) = H ■ Zq(H) where 
Zg(H) is the centralizer of H in G. Since Ng{H) acts on Y H we can quotient out by H . Thus, we 
can study the action of Zq{H), instead of Ng{H), on Y H . 

The case of quintic threefolds consists of an SL(5, C)-action on the projective variety P(F). V 
is the linearization of the «SX(5, C)-action on P(V). The closed orbits of points in the linearization 
V correspond to closed orbits of points in P(F). This correspondence between a projective variety 
and its linearization allows us to apply Luna's criterion to V. Given a point from one of the families 
MO- A — MO-D, the stabilizer subgroup is the invariant 1-PS i.e. H = X. The following lemma 
reduces the problem of finding minimal orbits to finding stable points in the Zc(H)-a.ction on V H . 

Lemma 23. Let v G V be a point with stabilizer H i.e. »6 V . If v G V is stable with respect to 
the ZG{H)-action on the H -invariant space V H then the orbit Gv is closed. 

Proof. Let v G V H be stable with respect to the Zc(-ff)-action on V H . By the definition of stable 
point, the orbit Zg(H)v is closed. By Luna's criterion, Gv is closed. □ 

3.2. First Level of Minimal Orbits. The centralizer groups for the families MO- A — MO-D are 
given in table 3. If v G V from MO-A — MO-D is Zc(i?)-stable in V H , then it is a minimal orbit. 
If that point v is non-stable, with respect to the ZG(7J)-action, then it is either unstable or there 
is a destablizing 1-PS A. This destabilizing 1-PS further degenerates v into a smaller family, with 
a different stabilizer H'. The same process is then repeated for the smaller families. The Hilbert- 
Mumford criterion, with respect to the Zq (H )-action on V H , can be applied to determine precisely 
the stable, semistable, and unstable points. 

3.2.1. Minimal Orbit A. In the case of family MO-A, the centralizer Z G (H) = C 2 x SX(3,C) C 
SX(5,C) acts on polynomials in MO-A which are of the form (72,3(^01 %i II ^2,^3,^4)- The minimal 
orbit can be written as 

(43) xls 3 (x2,X 3 , Xi) + X Xlt 3 (x2,X3,X4 : ) + x\u 3 {x2, X3, Xi), 
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Family 


Invariant 1-PS Subgroup (H) 


Centralizer of H (Z G (H)) 


MO-A 


(3,3,-2,-2,-2} 


5L(2,C) x S*L(3,C) 


92,3(20,21 I ^2,2:3, 24) 


MO-B 


(1,0,0,0,-1) 


C* x SL(3, C) x C* 


95(2:1,2;; 


,2- 3 ) + 20 2 493 (2l,2 2 ,2T 3 ) +XqX 


491(21,22,23) 


MO-C 


(4,4,-1,-1,-6) 


SL(2, C) x SX(2,C) x C* 


91,4(2:0, xi \\ x 2 ,x 3 ) + x 4 q 2 ^{x ,xi | x 2 ,x 3 ) + x'fq 3 (x ,xi) 


MO-D 


(4,-1,-1,-1,-1) 


C* x 51,(4, C) 


2094(2:1 


2:2,23,14) 





Table 3. First Level of Minimal Orbits MO-A - MO-D 



where s 3 (22, 23, 24), £3(2:2, 2:3, 2:4), "3(2:2, 2:3, X4) are degree 3 polynomials in the variables X2, 2:3, 
and 24. The polynomials which represent closed orbits in this family are stable with respect to the 
SL(2,C) x SL(3,C) action on (|4"3"]l . The polynomials that further degenerate are semistable with 
respect to the SL(2,C) x 5L(3,C) action. The unstable points are unstable with respect to the 
SL(2,C) x SL(3,C) action. The set of semistable and unstable points can be found by modifying 
the techniques in section [2] which involved classifying G-orbits by using (j3|) to find which polynomials 
which satisfy the Hilbert-Mumford criterion for the set of normalized 1-PS A. A normalized 1-PS in 
SL{2, C) x SL(3, C) is of the following form: 



(44) 



ft 















t- 1 
















t a 















t b 
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where a + b + c — and a > b > c. The normalization restriction of the SL(3, C) block gives an 
ordering of the degree 3 monomials in the variables x 2 , 2:3, 2:4. The weights of x§, xqXi, and x\ are 
2,0, and —2 respectively. The set of maximal non-stable polynomials F are those where /J,(F, A) < 
and the maximal unstable families have n(F, A) < 0. A general polynomial in (l43l) will be semistable 
if S3, £3, and M3 have at most weights —2, 0, and 2, with respect to the action (|44l) . These weights 
are neccesary in order balance the weights arising from Xq, xqXi, x\ so that /i is less than zero. 
Similary, the weights for a polynomial in (|43j) the weights for s 3 , £3, and 1*3 are at most —3, —1, and 
1 for the polynomial to be unstable. The calculation below gives the set of semistable and unstable 
families. A similar method can be used for all other minimal orbits in order to explicitly calculate 
the set of semistable and unstable families. 

From the GIT analysis of MO-A, the semistable hypersurfaces and their corresponding destabi- 
lizing 1-PS A are given below. 

(SS1-A) 2;§ (93 (£3,2:4) + 91 (2:2, 23)2:4 +£4) + 2:02:1(93(2:3, 2:4) + 2:22:32:4 + 91(22,2:3)2:4 + x 3 xl + 2^2:4 + 
x\) + x\ (2292(23, 24) + 93(23,24)) 

- Destabilizing 1-PS: (1,-1,4,-1,-3) 

(SS2-A) 2^(93(23,24)) + 2021(2292(23,24) + 93(23,24)) + 2^(2292(23,24) + 93(23,24)) 

- Destabilizing 1-PS: (1,-1,2,-1,-1) 

(SS3-A) 2§(9i (22, 2 3 )2|+2|)+2o2i(g 2 (22, 23)24+91 (22, xz)xl+xl)+x\ (92(22, 23)24+171 (22, 23)2! + 

4) 

- Destabilizing 1-PS: (1, -1, 1, 1, -2) 

(SS4-A) 2o(2 3 24+24)+2o2i(9 3 (2 3 , 24)+222 3 24+9i(22,23)2|+2324+2§24+24)+2i(229l(2 3 , 24) + 
2292(23,24) + 93(23,24)) 

- Destabilizing 1-PS: (1,-1,1,0,-1) 
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Figure 1. Poset structure of equation 03] 

(SS5-A) a;g (qi (x 2 , x 3 )xl + x^xa + xf + x Xi (q 3 (x 3 , xf + x 2 x 3 x 4 + qi (x 2 , x 3 )x\ + x 3 x\ + x 3 x A + xf + 
x\{x 2 q 2 (x 3 , xf + q 3 {x 3 ,xf + q 2 (x 2l x 3 )xi + xf 
- Destabilizing 1-PS: (1,-1,2,0,-2) 

From the poset analysis, the set of unstable families are given below. 

(US1-A) xl(q 3 {x 3 ,xf + x 2 xf + x xi(q 3 {x 3 , xf) + x 2 xf) + x\{q 3 (x 3l xf + x 2 x 3 x A + x 2 xf) 
(US2-A) x%{q 3 {x 3 ,xf) + x^x^q^xj^xf) + x\ (q 3 (x 3 , xf + x 2 q 2 (x 3 , xf) 

(US3-A) Xq(x 2 x\ + x\x± + x 3 x\ + xf) + x xi {x 2 x\ + x\x± + x 3 x\ + £4) 4- x\ (q 3 (x 3 , xf + x 2 x 3 x 4 + x 2 xf 



(US4-A) 
(US5-A) 
(US6-A) 
(US7-A) 
(US8-A) 
(US9-A) 
(US10-A) 
(US11-A) 



xl(x 2 xl + x 3 x\ + xf +x xi(x 2 xl + xlx 4: + x 3 xl + xf + x\ {q 2 {x 2l x 3 )x± + qi{x 2 ,x 3 )x\ + xf 
Xo(xf) + x xi(qi(x 2 ,x 3 )xl + x\x± + xf + x\(q 3 {x 3 ,xf + x 2 x A + x 2 x 3 x± + x 2 xf 
Xq(x 3 X^ + xf + x xi(qi(x 2 ,x 3 )xl + x\x± + xf + x\(q 3 (x 3 , xf + x 2 x 3 x^ + x 2 xf 
xl(x 3 x\ +xf + x x 1 (qi(x 2 ,x 3 )xl + x\x± + xf + x\(q 2 (x 2 ,x 3 )x 4 + qi(x 2 , x 3 )x\ + xf 



xI(x\xa +x 3 x\ + xf + x a xi(q 1 (x 2 ,x 3 )xl + x\x± + xf + x\{x 2 q 2 (x 3 ,xf + q 3 (x 3 ,xf) 
xl(x 3 xl +xf + x xi(qi(x 2 ,x 3 )xl + x\x± + xf + x\(x 2 q 2 (x 3 , xf +q 3 (x 3 ,xf) 
xl{xf + x xi(qi(x 2 ,x 3 )xl + xlx 4 + xf + x\(x 2 q 2 (x 3l xf +q 3 (x 3 ,xf) 
Xq(x 3 xI + xf + x xi(qi(x 2 ,x 3 )xl + x\x^ + xf + x\ (x 2 x 3 xa + x 2 x\ + q 3 (x 3 ,xf) 
(US12-A) xl(x 3 x\ + xf + x xi(qi(x 2 , x 3 )x\ + x\x^ + xf + x\(q 2 (x 2 , xfxi + qfx 2 , x 3 )x\ + xf 
(US13-A) xl(xf + x xi(q 1 (x 2 ,x 3 )xl + x\x± + xf) + x\(q 2 {x 2 , x 3 )x 4 + q 1 (x 2 ,x 3 )x\ + x\ + xf) 
(US14-A) Xq(x| + x\xf + x x 1 (xl + x\xf + x\ (x 2 q 2 (x 3 , xf + q 3 (x 3 ,xf) 
(US15-A) x%(xf + x xi(xl + x\xf + x\ (x 2 q 2 (x 3 , xf + q 3 (x 3 ,xf + x\xf 
(US16-A) x\(x\x± + xf + x x 1 (xl + x\xf + x\(q 3 (x 3 , xf + x 2 x 3 x 4 + x 2 xf 
(US17-A) Xq(x§X4 + xf + x xi(xl + x 3 xf + xl(q 2 (x 2 ,x 3 )xi + qi(x 2 ,x 3 )x4 4 
(US18-A) ^0(^4) + ^0^1(^4 4- x 3 xf + x\{q 3 (x 3l xf + x 2 x 3 x± + x 2 x\ 4- £3) 



A) 



Proposition 24. Let X, up to a coordinate transformation, be of the form q 2 . 3 (xo,xi \\ x 2 ,x 3 ,xf. 

(1) If X belongs to one of the families US1-A - US18-A then X is unstable. 

(2) // X is of type SSI- A then the orbit is not closed and it degenerates to M02-I. 

(3) // X is of type SS2-A then the orbit is not closed and it degenerates to M02-IV. 

(4) // X is of type SS3-A then the orbit is not closed and it degenerates to M02-IV. 
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(5) If X is of type SS^-A then the orbit is not closed and it degenerates to M02-I. 

(6) If X is of type SS5-A then the orbit is not closed and it degenerates to M02-IV. 
Otherwise, X is a closed orbit. 

3.2.2. Minimal Orbit B. In the case of MO-B, the centralizer Z G (H) = C* x SX(3,C) x C* C 
SX(5, C) acts on polynomials in MO-B which are of the form qs{x\,X2,xz) + xox 4 qs(xi,x 2 ,x 3 ) + 
XQX^q\(xi,X2,Xs). The action on Zq(LT) on xqx^ and Xqx| will have weights zero. By modifying 
the procedure in the MO- A case, one can obtain the maximal semistable and unstable families with 
respect to the Zq{H) action. The poset analysis shows that the maximal semistable families are the 
following families below. 

(SS1-B) (x 1 q 4 (x 2 ,x 3 ) + q 5 (x 2 ,x 3 )) + x x 4 (x 1 q 2 (x 2 , x 3 ) + q 3 (x 2 ,x 3 j) + xlx\{q 1 {x 2l x 3 )) 

- Destabilizing 1-PS: (1,2,-1,-1,-1) 
(SS2-B) {xiqi(x2,x 3 )+q 5 (x2,x 3 )+q 2 (xi,x 2 )xl)+x Xi(q 3 (x2^ 

- Destabilizing 1-PS: (1,3,-1,-2,-1) 

(SS3-B) {q 3 {xi,x 2 )xl + q 2 (xi,x 2 )xl + qi{xi,x 2 )x% + x%) + x x 4 (q 2 (x 1 ,x 2 )x 3 + 91 (xi, x 2 )x\ + xf) + 
xlxj(x 3 ) 

- Destabilizing 1-PS: (1, 1, 1, -2, -1) 

(SS4-B) (q 5 (x 2 ,x 3 ) + xxxlx 3 + X\x\x\ + xix 2 x\ + xix| + x\x 2 x\ + q 2 (xi,x 2 )xl) + x x 4 (q 3 (x 2 ,x 3 ) + 
x\x 2 x 3 + qi(xx,x 2 )xl) + x%xl(qi(x2,x 3 )) 

- Destabilizing 1-PS: (1,1,0,-1,-1) 

From the poset analysis, the set of unstable families are given below. 
(US1-B) (x 1 q 4 (x 2 , x 3 ) + x\x 3 ) + x x 4 (q 3 (x 2 ,x 3 ) + Xixf) + x\x\(x 2 + x 3 ) 

(US2-B) {q 5 {x 2 ,x 3 ) +xix 2 x 3 + X\x\x\ + x\x% + xix 2 x\ + X\x 3 ) + x x 4 (qi(xi, x 2 )x 3 + x 2 x 3 + x 3 ) + 
^0^4(^3) 

(US3-B) (xlx 2 xl+Xixlxl-\-x 2 x 3 +xlxl+xlxl+q 2 (xi,x 2 )xl+qi(xi,x 2 )x^+xl)+x x 4 (qi(xi,x 2 )xl + 
x\x 3 + x\) + xlxl{x 3 ) 

(US4-B) {q 3 {x±,x 2 )xl + 92(2:1, 2:2)2:3 + 9i(xi, x 2 )x| + x\) + x x i {q 1 (x 1 ,x 2 )x\ + x\x 3 + xf + xlx\{x 3 ) 

Proposition 25. Let X , up to a coordinate transformation, beoftheformq5{xi,x 2 ,x 3 )+xoq 3 {x\,x 2 ,x 3 )x 4 + 
xlq 1 (x 1 ,x 2 ,x 3 )xj. 

(1) If X belongs to one of the families US1-B - US4-B then X is unstable. 

(2) If X is of type SS1-B then the orbit is not closed and it degenerates to M02-IV. 

(3) If X is of type SS2-B then the orbit is not closed and it degenerates to M02- V. 

(4) If X is of type SS3-B then the orbit is not closed and it degenerates to M02-IV. 

(5) If X is of type SS4-B then the orbit is not closed and it degenerates to M02- VI. 
Otherwise, X is a closed orbit. 

3.2.3. Minimal Orbit C. In the case of MO-C, the centralizer Z G {H) = SL(2, C) x SL{2, C) x C* C 
SL(5,C) acts on polynomials in MO-C which are of the form 3^4 (xo, Xi || x 2 ,x 3 ) + X4q 2i2 (x , x\ || 
2:27X3) + x\q 3 {xQ,x\). By modifying the procedure in the MO- A, one can obtain the maximal 
semistable and unstable families with respect to the Zq{H) action. The poset analysis shows that 
the maximal semistable families are the following families below. 

(SS1-C) (x (x 2 x| + xf) + xi(xjxj + x 2 x\ + xf)) + x\{x x\ + xf) + x 4 (xg(x 3 i ) + x xi(x 2 x 3 + xf) + 
x\[x\ +x 2 x 3 + xf)) 

- Destabilizing 1-PS: (1,-1,1,-1,0) 

From the poset analysis, the set of unstable families are given below. 
(US1-C) Xo(x 2 Xg + xf ) + xi(x 2 x| + X2X3 + x|) + x\{xqx\ + xf) + X4X xi(xg) + x 4 x\{x 2 x 3 + xf) 

Proposition 26. Let X, up to a coordinate transformation, be of the form 91,4(2:0, x\ || x 2 ,x 3 ) + 
q 3 {xQ,x\)x\ + 92,2(2:0, xi || x 2 ,x 3 )x 4 . 

(1) If X belongs to the family US1-C then X is unstable. 
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(2) If X is of type SS1-C then the orbit is not closed and it degenerates to M02-VII. 
Otherwise, X is a closed orbit. 

3.2.4. Minimal Orbit D. In the case of MO-D, the centralizer Z G (H) = C* x SX(4,C) C SX(5,C) 
acts on polynomials in MO-D which are of the form x^q^xi, x%, x 3 , X4). By modifying the procedure 
in the MO-A case, one can obtain the maximal semistable and unstable families with respect to 
the Zq(H) action. The poset analysis shows that the maximal semistable families are the following 
families below. 

(SS1-D) x {x 1 q 3 {x 2 , x 3 , Xi) + 04(2:2, x 3 , x 4 )} 

- Destabilizing 1-PS: (0,3,-1,-1,-1) 

(SS2-D) x {q 3 (xi,x 2 ,x 3 )x4 + q 2 {xi,x 2 ,x 3 )xl + qi(xi, x 2 , Xz)x\ + x%) 

- Destabilizing 1-PS: (0,1,1,1,-3) 

(SS3-D) x (q 2 ^{xi,x 2 \\ x 3 , x 4 ) + qi, 3 (xi, x 2 \\ x 3l x 4 ) + 04(2:3, X4)) 

- Destabilizing 1-PS: (0, 1, 1, -1, -1) 

(SS4-D) x (q4(x 2l x 3 ,X4) + Xiq 2 (x 2 ,x 3 )x 4 + q 2 {xi,x 2l x 3 )xl + q\{xi,x 2 ,x 3 )x\) 

- Destabilizing 1-PS: (0, 1, 0, 0, -1) 

From the poset analysis, the set of unstable families are given below. 
(US1-D) qi{x 2 ,x 3 ,X4) + qi, 3 (xi,x 2 \\ x 3n x i ) + q i (x 3 ,x i ) + Xix 2 x\ 
(US2-D) x\x 3 x± + qi,a(xi,X2 || 0:3,0:4) + 94(2:3,. x 4 ) + q 2 {xi,x 2l x 3 )xl + qi(xi 1 x 2 ,x 3 )x 3 i 

(US3-D) x 2 q 3 (x 3 , X4)+q4(x 3 , x 4 )+q 3 {x 2 , x 3 )x 4 +q 2 (x 2l x 3 )xl+qi(x 2l x^xf+qiixi, x 2 )xlx4+q 2 (xi, x 2 , x 3 )xl+ 
qi{xi,x 2 ,x 3 )xl 

Proposition 27. Let X, up to a coordinate transformation, be of the form xoq4 L (x\,x 2 ,x 3 ,Xn). 

(1) If X belongs to one of the families US1-D - US3-D then X is unstable. 

(2) If X is of type SS1-D then the orbit is not closed and it degenerates to M02-VII. 

(3) // X is of type SS2-D then the orbit is not closed and it degenerates to M02- VIII. 

(4) // X is of type SS3-D then the orbit is not closed and it degenerates to M02-IX. 

(5) // X is of type SS^-D then the orbit is not closed and it degenerates to M02-X. 
Otherwise, X is a closed orbit. 

4. Boundary Structure 

From the propositions in sections 13.2.11 13.2.21 13.2.31 and 13.2.41 it was shown that certain hy- 
persurfaces in the families MO-A — MO-D degenerate into even smaller families. In the GIT 
compactification these smaller families are the boundary strata where the boundaries components 
MO-A — MO-D interesect. Again, Luna's criterion it can be determined which members of these 
families represent closed orbit as well as which families degenerate further. The centralizers for the 
families in the second level of minimal orbits are given in table 4. 

4.1. Second Level of Minimal Orbits. 

4.1.1. M02-I. In the case of family M02 — /, the maximal torus T acts on polynomials of the form 
Xq(x 2 x1) + xq x i(x 2 x 3 X4) + x\ {x 2 x\). The weights of a 1-PS A = (00,01,02,03,04) of the maximal 
torus T acting on the monomials are subject to the constraint 00 + 04+02 + 03 + 04 = 0. In a 
GIT semistable family all of the monomials, subject to the constraint, will have weight at most 0. 
Similarly, all GIT unstable families will have weight at most —1. The set of semistable families are 
given below. 

551- I 3:0(2:2^4) + 0:02:1(2:20:3X4) 

- Destabilizing 1-PS: (1,1,-1,0,-1) 

552- I 2:02:1 (2:2X32:4) + x\ (2:22:3) 

- Destabilizing 1-PS: (1,-1,0,0,0) 
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Family 


Invariant 1-PS Subgroup (H) 


Centralizer of H (Z G {H)) 


M02-I 


(6,0,2,-3,-5) 


Maximal Torus T 


x 2 (x 2 xl) + 


x x 1 {x 2 x 3 x i ) + x\{x2x\) 




M02-II 


(4,2,-1,-2,-3) 


Maximal Torus T 


xl(x 3 xl) + 


XqX^xI + X2X3X4) + x\{xlx 3 ) 




M02-III 


(4,2,0,-2,-4) 


Maximal Torus T 


xl(x2x1 + + XqXi(x 3 + X2X3X4) + x\{xix\ + X2X4) 


M02-IV 


(4,2,-1,-1,-5) 


C* 2 x 51,(2, C) x C* 


x x i (x 1 q 2 (x2,x 3 )) 


M02-V 


(5,3,-1,-2,-7) 


Maximal Torus T 


XoX4(xiX 2 x 3 ) 


M02-VI 


(2,1,0,-1,-2) 


Maximal Torus T 


{X\x\x 3 + X\X2X%) + XQXi (xix 2 x 3 ) 


M02-VII 


(5,3,0,-2,-6) 


Maximal Torus T 


+ x i x xix 2 x 3 + x^x\x\ 


M02-VIII 


(4,2,-2,-2,-2) 


C* 2 x SX(3,C) 


XQX 1 q 3 {x2,x 3n x^) 


M02-IX 


(4,0,0,-2,-2) 


C* x SL(2,C) x SX(2,C) 


xoq2,2(xi,x 2 || x 3 ,x 4 ) 


M02-X 


(4,0,-1,-1,-2) 


C* 2 x SX(2,C) x C* 


x (q i (x 2 ,x 3 ) + x 1 q 2 (x2,x 3 )x i + x\x\) 



Table 4. Second Level of Minimal OrbitsM02-I - M02-X 



The set of unstable families are given below. 
US1-I x\x2x\ 
US2-I x\x2x\ 

Proposition 28. Let X , up to a coordinate transformation, be of the form x 2 t (x2X 2 )+XoXi(x2X 3 x i ) + 
xi{x 2 x 2 3 ). 

(1) If X belongs to one of the families US1-I - US2-I then X is unstable. 

(2) If X is of type SS1-I then the orbit is not closed and it degenerates to M02-V. 

(3) If X is of type SS2-I then the orbit is not closed and it degenerates to M02-V. 
Otherwise, X is a closed orbit. 

4.1.2. M02-II. In the case of family M02 — II, the maximal torus T acts on polynomials of the 
form Xq(x 3 x 2 ) + x xi(x 3 + x 2 x 3 x 4 ) + x\{x2X 3 ). Following the same procedure as in M02-I, the set 
of semistable families are given below. 

551- II xl(x 3 x1) + x xi(xl + x 2 x 3 x i ) 

- Destabilizing 1-PS: (1, 1, 0, -1, -1) 

552- II x x\{x\ + X2X 3 x 4 ) + x\ {x\x 3 ) 

(a) 1-PS (1,0,0,-1,0) 

553- II xqX\(x2X 3 x^) + x 2 (x%x 3 ) 

- Destabilizing 1-PS: (1,-1,0,0,0) 

554- II xl(x 3 xl) + x xi(x 2 x 3 x i ) 

- Destabilizing 1-PS: (1,1,0,-1,-1) 
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555- II xoXi(x^ + X2X3X4) 

- Destabilizing 1-PS: (1,-2,0,0,1) 

556- II x xi(x 2 X3X4) 

- Destabilizing 1-PS: No 1-PS 

The set of unstable families are given below. 

4.1.3. Unstable Family. 

US1-II x\xzx\ + XqX\x\ 
US2-II x xix1 + x\x\x 3 
US3-II XqX\x\ 
US4-II xlx 3 xl 
US5-II x\x\x 3 

Proposition 29. Let X, up to a coordinate transformation, be of the form x^x^x^) + XoX\(xl + 
X2X3X4) + xl(xlx 3 ) . 

(1) If X belongs to one of the families US1-II - US5-II then X is unstable. 

(2) If X is of type SS1-II then the orbit is not closed and it degenerates to M02-V. 

(3) If X is of type SS2-II then the orbit is not closed and it degenerates to M02-V. 

(4) If X is of type SS3-II then the orbit is not closed and it degenerates to M02-V. 

(5) If X is of type SS4--III then the orbit is not closed and it degenerates to M02-V. 

(6) If X is of type SS5-II then the orbit is not closed and it degenerates to M02-V. 

(7) If X is of type SS6-II then the orbit is not closed and it degenerates to M02-V. 
Otherwise, X is a closed orbit. 

4.1.4. M02-III. In the case of family M02 — III, the maximal torus T acts on polynomials of the 
form x\{xix\ + x§X4) + x xi{x\ + X2X3X4) + x\{xix\ + x\x±). Following the same procedure as in 
M02-I, the set of semistable families are given below. 

551- III x\{xix\ + x\xa) + XqXi(xI + X2X3X4) 

- Destabilizing 1-PS: (1, 3, 3, -4, -3) 

552- III x xi(xl + X2X3X4) + x\{x-2,x\ + X2X4) 

- Destabilizing 1-PS: (1,-8,1,2,4) 

553- III Xq(x 2 xI + x§x 4 ) + x a xi(x 2 x 3 X4) 

- Destabilizing 1-PS: (1,2,0,0,-3) 

554- III xoXi(x2X3X4) + x\{xix\ + x\x4) 

- Destabilizing 1-PS: (1,-1,0,0,0) 

555- III x\{x\x4) + xoXi(xl + X2X3X4) + xl(x2xf) 

- Destabilizing 1-PS: (1, 1, 2, -7, 3) 

556- III Xq(x§X4) + XoXi(X2X3X4) + xf(x2X 3 ) 

- Destabilizing 1-PS: (1,0,0,-2,1) 

557- III Xq(x2X4) + xoXi(x 2 x 3 X4) + x\(x\x4) 

- Destabilizing 1-PS: (1,0,-1,1,-1) 

558- III xl(x 2 x1) +x xi(x| +X2X3X4) 

- Destabilizing 1-PS: (1, 1, 1, -1, -2) 

559- III Xq(x§x 4 ) + x xi(xl + X2X3X4) 

- Destabilizing 1-PS: (1, 0, 0, -2, 1) 

5510- III XoXi(x3 + X2X3X4) + x\{x\x4) 

- Destabilizing 1-PS: (1,-2,0,0,1) 

5511- III xqX\{x\ +X2X3X4) + xl(x 2 xl) 

- Destabilizing 1-PS: (1,-2,0,0,1) 

5512- III xoXi(x 2 x 3 X4) + x\(x\x4) 

- Destabilizing 1-PS: (1,0,0,0,-1) 

5513- III XqXi(X2X3X 4 ) + x\{x2X^) 
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(a) 1-PS (1,-1,0,0,0) 

5514- III Xq(x2X%) + X Xi(x 2 X^X4) 

- Destabilizing 1-PS: (1,1,-1,0,-1) 

5515- III X§(XgX4) + XoXi(X2X3X4) 

- Destabilizing 1-PS: (1,2,0,0,-3) 

5516- III xoXi(x3 + X2X3X4) 

- Destabilizing 1-PS: (1,-2,0,0,1) 

5517- III X()Xi(x2X3X4) 

- Destabilizing 1-PS: No 1-PS 

The set of unstable families are given below. 



US1-III Xq ^2X4 + X3X4J + x xi 
US2-III x xi I x\ + ] + x\ I X2x\ + x\x\ 



US3-III x\ \x\x^ + x oXl [xl) + x\ \X2X\ 
US4-III x\ (x 2 xl^ + xqXi (x% \ + x\ (x%x 4 
US5-III x§ ^x 2 x| + £3X4 
US6-III x\ (x 2 x\ + x\x± 
US7-III x\ ^x§x 4 ^ + x\ ^x 2 x§ 
US8-III xl (x 2 xl^j + xj (xl,x 4 
US9-III xl (x 2 xl^j + x xx (xl 
US10-III x xi[xl+ ) + x\[x\x± 



US11-III xlyxlxij +x xiyxl 
US12-III x X! (xl + ) + xj (x 2 x% 
US13-III x\[x2x\ 
US14-III xl(x\x A 
US15-III x xi (x% 
US16-III x\ (x 2 x\ 
US17-III x\ (xlxi 



Proposition 30. Let X, up to a coordinate transformation, be of the form x§(x 2 x| + X3X4) + 

X Xi(Xg + X2X3X4) + X\{X2X% + X2X4) . 

(1) If X belongs to one of the families US1-III - US17-III then X is unstable. 

(2) If X is of type SS1-III then the orbit is not closed and it degenerates to M02- V. 

(3) // X is of type SS2-III then the orbit is not closed and it degenerates to M02- V. 
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(4) If X is of type SS3-III then the orbit is not closed and it degenerates to M02-V. 

(5) If X is of type SS^-III then the orbit is not closed and it degenerates to M02-V. 

(6) If X is of type SS5-III then the orbit is not closed and it degenerates to M02-V. 

(7) If X is of type SS6-III then the orbit is not closed and it degenerates to M02-V. 

(8) If X is of type SS7-III then the orbit is not closed and it degenerates to M02-V. 

(9) If X is of type SS8-III then the orbit is not closed and it degenerates to M02-V. 

(10) If X is of type SS9-III then the orbit is not closed and it degenerates to M02-V. 

(11) If X is of type SS10-III then the orbit is not closed and it degenerates to M02-V. 

(12) If X is of type SS11-III then the orbit is not closed and it degenerates to M02-V. 

(13) If X is of type SS12-III then the orbit is not closed and it degenerates to M02-V. 

(14) If X is of type SS13-III then the orbit is not closed and it degenerates to M02-V. 

(15) If X is of type SS14-IH then the orbit is not closed and it degenerates to M02-V. 

(16) If X is of type SS15-III then the orbit is not closed and it degenerates to M02-V. 

(17) If X is of type SS16-III then the orbit is not closed and it degenerates to M02-V. 

(18) If X is of type SS17-III then the orbit is not closed and it degenerates to M02-V. 
Otherwise, X is a closed orbit. 

4.1.5. M02-IV. In the case of family M02-IV, the centralizer C* 2 x SL(2, C) x C* on polynomials 
of the form xoX4(xiq2(x2, x 3 )). By following a similar procedure as in the MO- A case one can obtain 
the maximal semistable and unstable families with respect to the Zc{H) action. The poset analysis 
shows that the maximal semistable families are the following families below. 

SS1-IV XQXi{xiX2X3 + xix^) 

- Destabilizing 1-PS: (1,0,1,0,-2) 

The set of unstable families are given below. 
US1-IV x XiXix\ 

Proposition 31. Let X , up to a coordinate transformation, be of the form xoX4(xi<7 2 (^2, £3)) . 

(1) If X belongs to one of the families US1-IV then X is unstable. 

(2) If X is of type SS1-IV then the orbit is not closed and it degenerates to M02-V. 
Otherwise, X is a closed orbit. 

4.1.6. M02-V. In the case of family M02 — V, the maximal torus T acts on polynomials of the 
form x X4(xiX2X 3 ). Following the same procedure as in M02-I, the set of semistable families are 
given below. 

SS1-V X0X4X2X3X1 

(a) 1-PS No 1-PS 

The set of unstable families are given below. 
(1) NONE 

Proposition 32. Let X , up to a coordinate transformation, be of the form x X4Xix 2 x 3 then it is a 
closed orbit. 

4.1.7. M02-VI. In the case of family M02 — VI, the maximal torus T acts on polynomials of the 
form (X1X2X3 + x\x2xl) + xoX4(xiX2Xs) . Following the same procedure as in M02-I, the set of 
semistable families are given below. 

551- VI (X1X2X3 + X1X2X3) + XqX4(xiX2X3) 

- Destabilizing 1-PS: (1,0,-1,0,0) 

552- VI (X1X2X3) + XqX4(xiX2X3) 

- Destabilizing 1-PS: (1,0,-1,0,0) 

553- VI (x\x 2 xl) + x X4(x 1 x 2 x 3 ) 

- Destabilizing 1-PS: (1,0,-1,0,0) 

554- VI xq^4 (^1^22:3) 
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- Destabilizing 1-PS: No 1-PS 

The set of unstable families are given below. 
US1-VI (xiX2X 3 + xjx 2 x 3 ) 
US2-VI (x lX %x 3 ) 
US3-VI 1x1x2x1) 

Proposition 33. Let X, up to a coordinate transformation, be of the form {x\x\x 3 + x\ x 2 a;|) + 
x Q x A (x 1 x 2 x 3 ) . 

(1) If X belongs to one of the families US1-VI - US3-VI then X is unstable. 

(2) If X is of type SS1-VI then the orbit is not closed and it degenerates to M02-V. 

(3) If X is of type SS2-VI then the orbit is not closed and it degenerates to M02-V. 

(4) If X is of type SS3-VI then the orbit is not closed and it degenerates to M02-V. 

(5) If X is of type SS4--VI then the orbit is not closed and it degenerates to M02-V. 

Otherwise, X is a closed orbit. 

4.1.8. M02-VII. In the case of family M02 — VII, the maximal torus T acts on polynomials of 
the form x^x^x^ + x^xqX\X2X 3 + x±x\x\. Following the same procedure as in M02-I, the set of 
semistable families are given below. 

551- VII x^x\x\ + X4X0X1X2X3 

- Destabilizing 1-PS: (1,2,0,0,0) 

552- VII X4X0X1X2X3 + x±x\x\ 

- Destabilizing 1-PS: (1,0,0,0,-1) 

553- VII X4X0X1X2X3 

- Destabilizing 1-PS: No 1-PS 

The set of unstable families are given below. 
US1-VII x A x\x\ 
US2-VII x A xlxl 

Proposition 34. Let X, up to a coordinate transformation, be of the form XiX^x\ + x/ k x§X\X2X 3 + 
2 2 

X r\.X \X2 • 

(1) If X belongs to one of the families US1-VII - US2-VII then X is unstable. 

(2) If X is of type SS1-VII then the orbit is not closed and it degenerates to M02-V. 

(3) If X is of type SS2-VII then the orbit is not closed and it degenerates to M02-V. 

(4) // X is of type SS3- VII then the orbit is not closed and it degenerates to M02- V. 
Otherwise, X is a closed orbit. 

4.1.9. M02- VIII. In the case of family M02 - VIII, the centralizer C* 2 x SX(3, C) on polynomials 
of the form 20^1 93(^2, ^3, ^4)- By following a similar procedure as in the MO- A case one can obtain 
the maximal semistable and unstable families with respect to the Zc{H) action. The poset analysis 
shows that the maximal semistable families are the following families below. 

551- VIII x x 1 (x 2 q2(x3,x 4 ) +q3(x 3 ,x A )) 

- Destabilizing 1-PS: (1,-1,2,-1,-1) 

552- VIII XQXi{q 2 {x2, x 3 )x 4 + qi(x2,x 3 )x\ + x\) 

- Destabilizing 1-PS: (1, -1, 1, 1, -2) 

The set of unstable families are given below. 
US1-VIII x X! (q 3 (x 3 ,X4) + x 2 x\ S j 

Proposition 35. Let X, up to a coordinate transformation, be of the form xoXiq 3 (x2, x 3 , x 4 ) . 

(1) If X belongs to one of the families US 1- VIII then X is unstable. 

(2) // X is of type SSI- VIII then the orbit is not closed and it degenerates to M02-IV. 
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(3) If X is of type SS2- VIII then the orbit is not closed and it degenerates to M02-IV. 
Otherwise, X is a closed orbit. 



4.1.10. M02-IX. In the case of family M02 - IX, the centralizer C* x 51,(2, C) x SX(2,C) on 
polynomials of the form Xoq2,2(%i, %i || 23, £4). By following a similar procedure as in the MO-A 
case one can obtain the maximal semistable and unstable families with respect to the Zc(H) action. 
The poset analysis shows that the maximal semistable families are the following families below. 

SS1-IX xq(xiX2 + x\ || X3X4 + xl) 

- Destabilizing 1-PS: (0,1,-1,1,-1) 
The set of unstable families are given below. 



USl-IX x yxl || X3X4 + x\ 
US2-IX x ^xix 2 +x\ || x\ 
US3-IX x (xl || x\ 



Proposition 36. Let X , up to a coordinate transformation, be of the form x <z 2 , 2 (xi, x 2 | x 3 ,x 4 ). 

(1) If X belongs to one of the families USl-IX - US3-IX then X is unstable. 

(2) If X is of type SS1-IX then the orbit is not closed and it degenerates to M02-V. 
Otherwise, X is a closed orbit. 

4.1.11. M02-X. In the case of family M02 - X, the centralizer C* 2 x SL{2, C) x C* on polynomials 
of the form xo(<7 4 (x 2 , X3) +Xiq2(x2, X3)x4 + xfx 4 ) . By following a similar procedure as in the MO-A 
case one can obtain the maximal semistable and unstable families with respect to the Zq (H) action. 
The poset analysis shows that the maximal semistable families are the following families below. 

551- X x (g 4 (x 2 ,x 3 ) + xi(x 2 x 3 + x 2 )x 4 + x\x\) 

- Destabilizing 1-PS: (a, 6, 1,-1, c) 

552- X x (qi{x2, x 3 ) +xi(x 2 x 3 + x^x^ + x\x\) 

- Destabilizing 1-PS: (a, b, 1,-1, c) 
The set of unstable families are given below. 



US1-X X ^2 X 3 + x 2%3 + x i + x\x\xi + x\x\ 
US2-X x ^x 2 Xg + x| + xi(x 2 x 3 + x|)x4 + x\x\ 



Proposition 37. Let X , up to a coordinate transformation, be of the form x {q i (x2 1 x 3 )+xiq2(x 2 , x 3 )x 4 + 
x^x 4 ) . 

(1) If X belongs to one of the families US1-X - US2-X then X is unstable. 

(2) // X is of type SS1-X then the orbit is not closed and it degenerates to M02- V. 

(3) // X is of type SS2-X then the orbit is not closed and it degenerates to M02- V. 
Otherwise, X is a closed orbit. 

4.2. Boundary Stratification. From the results above, the most degenerate point in the GIT 
compactification is the normal crossing singularities hypersurface XoXiX2X 3 x 4 . The following chart 
show how the various degenerations occur on the boundary of the GIT compactification. The non- 
closed orbits of families MO-A - MO-D degenerate further into the families M02-I - M02-X, 
which all eventually degenerate to the family of xoXiX2X 3 x 4 . 




Figure 2. Boundary Stratification of GIT Compactification 



Appendix A. Code for Poset Structure 



> withposets () ; 

> poset := proc (n) local P, zl, z2, z3, z4, z5, z6, xO, xl, x2, x3, x4, x5, yl, 
y2, y3, y4, y5, y6; 

> P := NULL; 

> for zl from to n do 

> for z2 from to n do 

> for z3 from to n do 

> for z4 from to n do 

> for z5 from to n do 

> for yl from to n do 

> for y2 from to n do 

> for y3 from to n do 

> for y4 from to n do 

> for y5 from to n do 



> if zl+z2+z3+z4+z5 = n and yl+y2+y3+y4+y5 = n and zl <= yl and zl+z2 <= yl+y2 and 
zl+z2+z3 <= yl+y2+y3 and zl+z2+z3+z4 <= yl+y2+y3+y4 and X0~zl*xl~z2*x2~z3*x3~z4*x4~z5 
<> X0~yl*xl~y2*x2~y3*x3~y4*x4~y5 then 

> P := P, [[zl, z2, z3, z4, z5] , [yl, y2, y3, y4, y5] ] 

> else P := P 

> end if 

> end do 

> end do 

> end do 

> end do 

> end do 

> end do 

> end do 

> end do 

> end do 

> end do; 

> P := covers({P}) 

> end; 

Appendix B. Sample Linear Programming Calculation 

> with(Optimization) ; 

> with (Linear Algebra) ; 

> with(VectorCalculus) ; 

> with(ListTools) ; 

> vl : = [a,b, c ,d, e] ; 

> v2:=[4, 1,0,0,0] ; 

> mon : =DotProduct (vl , v2) ; 

> constraints : ={mon<=0 , a+b+c+d+e=0 , a>=l , a>=b , b>=c , c>=d , d>=e} ; 

> LPSolved, constraints, assume=integer) ; 
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), 0, 5] 



Figure 3. Poset structure of quintic monomials 




[0, 0, 0, 0, 5] 

Figure 4. Poset structure of family SSI 



[0, 0, 0, 0, 5] 



Figure 5. Poset structure of family SS2 



[0, 0, b, 0, 5] 



Figure 6. Poset structure of family SS3 
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Figure 7. Poset structure of family SS4 



Figure 8. Poset structure of family SS5 



[0, 0, 6, 0, 5] 



Figure 9. Poset structure of family SS5 




Figure 10. Poset structure of family SS6 
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Figure 11. Poset structure of family SS6 
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Figure 12. Poset structure of family SS7 
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Figure 13. Poset structure of family SS7 



